ABSTRACT This paper investigates the robust control problem of uncertain nonlinear systems subject to actuator faults via the integral sliding mode control (ISMC) scheme. The actuator failures contain the cases of an outage, loss of effectiveness, and stuck fault, which are frequently encountered in practical applications. Furthermore, in this paper, the time-varying delay considered obeys the probability distribution within certain intervals. By fully considering the information of the probabilistic random delay, new sufficient conditions are given to ensure the asymptotical stability of the controlled system with prescribed H ∞ performance. Moreover, a new control law is proposed to compensate for the effects induced by the actuator faults, and an adaptive mechanism is adapted to estimate the unknown terms. In a word, the proposed ISMC scheme ensures the asymptotical stability with guaranteed H ∞ performance of the closed-loop system and forces that the state trajectories are attracted to the pre-designed sliding surface. Finally, a practical example of the rocket fairing structural acoustic model is used to clarify the validly of the presented control method.
I. INTRODUCTION
It is well known that systems would undergo the malfunction when the actuators/sensors suffer from the wear or damage. Then, an effective strategy for fault diagnosis or compensating the effect of faults onto the whole performance is urgently required [1] , [2] . Accordingly, considerable contributions have been devoted to the synthesis problem for controlled systems with fault signals [3] , [4] . Among them, the faulttolerant control (FTC) plays a special role in practical systems with crucial safe such as passenger aircraft and modern fighter aircraft, due to its super advantages to compensate the faults by using the configured system redundancy. When the fault-tolerant control scheme is utilized, the systems can still keep stability with an acceptable performance when
The associate editor coordinating the review of this manuscript and approving it for publication was Shen Yin. suffering from actuator faults. Accordingly, a great number of results have been reported to handle the actuator/sensor faults by utilizing robust mechanism [5] , [6] , observer-based method [7] , [8] and adaptive technique [9] . To mention a few, several approaches have been proposed in [10] , [11] concerning on the control systems by using the fault-tolerant control design scheme. In [12] , a velocity-free controller has been considered for a set of nonlinear systems with external disturbance and multiple actuator faults. In [10] , [13] , the actuator failures including the cases of outage, loss of effectiveness and stuck fault have been addressed for nonlinear systems based on fuzzy logic scheme. Besides, the approach developed in [14] only addresses the actuator degradation without the consideration of stuck fault.
In the past several decades, the sliding mode control (SMC) has been successfully applied to a variety of engineering domains [15] - [18] . By using this method, if the state trajectories are attracted to the sliding surface, the robustness properties against matched disturbance or other features can be obtained [19] - [23] . Due to the superior features of SMC, the SMC methods has been widely used to stabilize the faulttolerant systems [24] , [25] . To mention a few, a novel optimal sliding mode control has been presented in [26] for uncertain linear time-invariant system, where two fault-tolerant control schemes have been described. In [7] , an observer-based actuator fault detection and isolation approach has been given for a class of nonlinear systems with faults, where the idea of equivalent output error injection has been utilized for the reconstruction of the fault signal. Moreover, in [10] , an integral sliding-mode-based fault-tolerant controller has been designed for uncertain nonlinear system with degradation and stuck. Recently, the analysis of time-varying actuator failures in uncertain systems is appealing [8] , [25] , thus additional effort is desirable to be made on the developments of efficient control strategies for time-varying actuator failures, which consists of one motivations of the present work.
On the other hand, the time-delays are commonly inevitable during the modeling of realistic problems, which could cause instability, oscillation and chaotic attractors [9] , [27] . To clearly discuss the effect of delays, the information of variation range or variation rate of delay has been employed in [5] , [28] - [30] . In the real systems, the value of time delay may be large suddenly although this situation does not occur often with small probability. As mentioned in [31] , this case might encounter in the wireless network, where the probabilistic distribution delays have been modeled and discussed. Thus, the traditional method for delayed systems [23] relying on the variation rate of delay becomes invalid here since the suddenly changes of delay. Accordingly, new technique for system with probabilistic delay is urgently required. In fact, the main challenging issue is on how to take the probabilistic characteristics of delay into consideration. Owing to these issues, the researchers have paid much attention to study the stability problems of dynamic systems with probabilistic delays. For example, in [32] , some sufficient conditions have been established to ensure the exponential stability of impulsive systems subject to random delays via the reciprocal convex technique. Furthermore, in [31] , both the information of variant range of time delay and the probabilistic characteristic of the timevarying delay have been fully taken into account, and a new delay-dependent stability criterion has been given. To the best of authors' knowledge, the H ∞ sliding mode control problem has not gained adequate consideration for uncertain systems with probabilistic random delays and actuator fault due probably to the complexities/difficulties with respect to the probabilistic random delays, not to mention the case that the involved bounds might be unknown, which constitutes another motivation of this paper.
Based on the above analysis, we aim to handle the adaptive H ∞ sliding mode control problem for uncertain systems with probabilistic random delays and time-varying actuator faults. New sufficient criteria are given to ensure the asymptotical stability with guaranteed H ∞ performance of the sliding mode dynamics. Besides, a new control law is synthesized to ensure the reachability, where an adaptive mechanism is employed to estimate the involved unknown terms. The main advantages of this paper can be highlighted as follows: 1) The considered system has a general form, which covers probabilistic random delays, actuator faults and external disturbance in a same framework. Moreover, the actuator fault contains the cases of outage and stuck fault. 2) New sufficient conditions to guarantee the stability with satisfactory H ∞ performance are presented by fully taking the information of probability of random delays into account, and an algorithm is developed to calculate the gain matrix.
3) An integral sliding mode fault tolerant scheme is presented to cope with the effects of actuator fault and the sliding mode controller ensuring the reachability is constructed.
Notations: R n and R n×m depict the n−dimensional Euclidean space and set of n × m real matrices, respectively. The symmetric positive definite (semi-definite) matrix P is represented by P > 0 (P ≥ 0). · is the Euclidean vector norm or its induced norm of a matrix. E{ } denotes the mathematical expectation of random variable . The symbol * in symmetric matrix characterizes the term induced by symmetry.
II. PROBLEM FORMULATION AND PRELIMINARIES
The schematic diagram of the presented sliding mode FTC method for nonlinear system is depicted in Fig. 1 .
Consider the following class of uncertain systems with time-varying delays and actuator fault:
where x(t) ∈ R n is the system state, z(t) denotes the controlled output, w(t) ∈ R q represents the external disturbance in L 2 [0, ∞), φ(t) are initial conditions. The uncertain term A is of the form A = EFH , where F satisfies F T F ≤ I . Moreover, the matrices A, A τ , A τ 1 , B, C, D 1 , D 2 , E and H are all known matrices and have corresponding suitable dimensions. VOLUME 7, 2019 The control input vector u F (t) ∈ R m adopts the following actuator fault model
where ρ is unknown time-varying diagonal matrix representing the actuator efficiency factor. Specially, ρ and ς
T ∈ R m is given to denote the unknown stuck actuator fault with unknown bound. Accordingly, we set ρ = diag{ρ 1 
From a practical viewpoint, this paper considers the following actuator failure cases:
the ith actuator is normal; ρ
the ith actuator is outage; ρ j i ∈ (0, 1), ς j i = 0, the ith actuator is loss of effectiveness; ρ
the ith actuator is undergoes stuck fault.
The time-varying delay τ (t) belongs to [0, τ 2 ] and there exists a constant real scalar
Next, introduce the Bernoulli sequence α(t) depicting the situations of τ (t) taking values in [0, τ 1 ] or (τ 1 , τ 2 ] with the following probability
To describe the probability distribution of the time-varying delay, introduce two sets
and two functions τ 1 (t) :
It is obvious that α(t) = 1 means that the event F 1 occurs and α(t) = 0 means that the event F 2 occurs. Hence, the above system (1) can be equivalently written aṡ
The purpose of this paper is to design a robust sliding mode controller such that, in the simultaneous presence of the probabilistic random delays and actuator fault, the state trajectories of the addressed systems are driven onto the specified sliding surface in mean square sense and the stability of sliding motion with specified H ∞ performance is guaranteed.
To end this section, the following lemmas are presented which will be used in the subsequent analysis.
Lemma 1 [31] : For a given scalar h ∈ [0, 1], constant matrices X 1 and X 2 with same dimensions, the inequality qX 1 + (1 − q)X 2 < 0 holds for any q ∈ [h, 1] if and only if X 1 < 0 and hX 1 
Lemma 2 [31] : For the probabilistic random delays τ i (t) (i = 1, 2), constant matrices i , i (i = 1, 2), and
=
T with appropriate dimensions, if the following inequalities hold:
Lemma 3 [15] : Let E, F and H be real matrices of compatible dimensions with F satisfying F T F ≤ I . Then, for matrix Q = Q T , we have Q + EFH + H T F T E T < 0 if and only if there exists a scalar ε > 0 such that
Lemma 4 [15] : For given matrices X , Y , vectors x, y with suitable dimensions and positive scalar ε, the following inequality
is satisfied.
III. SLIDING MODE CONTROLLER DESIGN
In this section, an integral sliding surface is firstly constructed and the stochastically stability with specified H ∞ performance of the sliding mode dynamic is guaranteed by proposing a new sufficient condition. What's more, the feedback gain matrix is obtained by solving the sub-optimization problem. Finally, the integral SMC (ISMC) law is synthesized to guarantee that the state trajectories are attracted to the sliding surface and remain there thereafter. Firstly, factorize the matrix B as B = B 1 B 2 where B 1 ∈ R n×l and B 2 ∈ R l×m both have rank l ≤ m. To proceed, the following assumptions are provided.
Assumption 1: For any efficiency vector
Assumption 2: The actuator stuck fault u f (t) and disturbance w(t) are both bounded, i.e. there exist unknown positive constantsū fi andw i such that u fi ≤ū fi and w i ≤w i , respectively.
It is worthwhile to note that Assumption 1 is quite natural and common in FTC systems and has been used in [10] , [13] . In what follows, we consider the variable controller of the form u(t) = Kx(t) + u 1 (t) with the explicit form of feed-back gain matrix K being provided later.
A. SLIDING SURFACE DESIGN
In this paper, we consider the integral switching surface defined by
where G is a design matrix satisfying GB 1 = I . Introducing the free weighting matrix L, a general solution of G is given by
Once the state trajectories enter into the sliding surface, the conditionṡ(x(t)) = 0 is satisfied, i.e.
s(x(t)) = G Ax(t) + GB(ρ − I )Kx(t) + GB(ρu 1 (t)
Then, we can derive the equivalent control law u 1,eq (t) as
where (B 2 ρ) + is the Moore-Penorse inverse of B 2 ρ.
Substituting (5) into (3), one gets the sliding mode dynamics as follows:
The sliding mode dynamics can be rewritten as:
By defining
then (6) can be expressed aṡ
It is noted that time delays in (7) are probability dependent, hence the stability analysis should incorporate the information of the occurrence probability. Moreover, when w(t) = 0, the closed-loop system (7) is described bẏ
Theorem 1: Consider the closed-loop control system (8) without external disturbance, i.e. w(t) = 0. For given constants τ 1 , τ 2 and matrix K , if there exist matrices P > 0, 
, then the closed-loop control system (7) is asymptotically stable in mean-square sense.
Proof: Firstly, construct the following Lyapunov functional
where
with
Furthermore, on the basic of Newton-Leibnitz formula, we have the following equations:
andN i (i = 1, 2, · · · , 5) are free-weighting matrices.
Considering the results in (12)- (16), we have 2ζ
2ζ
Combining the results in (11)- (20) and taking the expectation yield
where 11 is defined below (8) .
Considering the results in (21) and utilizing Lemma 2, it can be seen that (9) are sufficient conditions for guaranteeing that E{LV (ζ (t))} is less than zero. Thus, the system (8) is asymptotically stable in mean-square sense when w(t) = 0.
In order to examine the effect from external disturbance onto whole control performance, the following definition is adopted.
Definition 1 [33] : Letting γ > 0 be a given scalar, under the zero initial condition, the system (7) is said to have specified H ∞ performance, if the following inequality holds
Next, sufficient conditions will be derived for guaranteeing the stability under satisfactory H ∞ performance.
Theorem 2: The closed-loop control system (7) is asymptotically stable in mean-square sense with disturbance attenuation level γ , if for the given constants τ 1 , τ 2 and matrix K , there exist matrices P > 0, , 
with P > 0, Q i > 0, R i > 0 and T i > 0 (i = 1, 2) to be determined.
The following equations along the same way in (12)-(16) are true
Here, it should be noted that N i (i = 1, 2, · · · , 5) are different from the definitions ofN i in Theorem 1 due to the existence of external disturbance. Along the analysis process of (16)- (20) and using Lemma 2, it is easy to verify that (22) 
can guarantee E{LV (ξ (t))} + E z(t) T z(t) − γ 2 w T (t)w(t) less than zero.
Therefore, the closed-loop system (7) is asymptotically stable in mean-square sense with disturbance attenuation level γ .
Theorem 2 shows the stability of (7) with specified H ∞ performance by utilizing Definition 1, where the gain matrix K is assumed to be given. The following theorem further gives the design way for the gain matrix K according to the results in Theorem 2.
Theorem 3: For given constants τ 1 , τ 2 and γ , if there exist
with appropriate dimensions such that the following inequalitieŝ
are satisfied, wherē 
with τ 2−1 = τ 2 − τ 1 , = S T A T + X T B T , then system (7) is asymptotically stable with disturbance attenuation level γ and the gain matrix K can be obtained by
, S, S, S, I
, S}. Then pre-and postmultiplying in (22) with L =diag{L 1 , I , I , S, S, S, S, I , I } and its transpose, respectively, one gets¯ 1, 2, 3, 4, j = 1, 2, 3, 4, 5, 7) ,
By applying Lemmas 3-4 and using Schur complement, the inequality (22) It can be seen that inequality (31) is a nonconvex one due to the existence of −T and applying conecomplementarity, then (29) can be approximated by the following sub-optimization problem:
According to [34] , if the solution of the above minimization problem is 2, then (29) is solvable. Based on the above analysis, we provide the following algorithm for the solvability of (29) .
Algorithm for Theorem 3:
Step1: Given constants ρ m (m = 2, 3, 5) and maximum number N of iterations, set k = 0.
Step2: Find feasible solutions
2) satisfying the following minimization problem:
subject to (32) and (33)
if there is no feasible solution, then go to Step 3. Otherwise, exit (found the feasible solutions).
Step3: Set k = k + 1 and try another constants ρ m (m = 2, 3, 5). If k < N , then go to Step 2. Otherwise, exit (no feasible solution is found).
B. REACHABILITY ANALYSIS
Consider the variable controller as follows:
with K being designed in Theorem 3, s(x(t)) being sliding function and
Here, µ is a positive scalar to be given,ρ,û fi andŵ i are the estimates of ρ, u fi and w i , > 0 is a real number. We now present the following adaptive laws to estimate the unknown parameters:
where F = γ 0i s T B 2i K i x(t), and γ 0i , γ 1i , γ 2i are positive design parameters. u fi0 and w i0 are given initial values. B 2i and D 1,i are, respectively, the ith column of B 2 and D 1 , K i is ith row of gain matrix K . Letρ
then the time-derivative of the error systems can be rewritten asρ
use the fact that ρ,ū s andw are all unknown parameters. Remark 2: It is worth mentioning that the projection operator in (36) forcesρ i limit to convex set [ρ i ,ρ i ], which can be solved by the LMI approach. The initial condition ofρ i can be selected asρ i0 = (ρ i +ρ i )/2 to guarantee the projection constrained.
Remark 3: The free parameters γ 0i , γ 1i and γ 2i in (36) are introduced to adjust the convergence rates ofρ i ,û fi andŵ i , respectively. Note that the higher parameters may lead to a big overshoot and the lower parameters could cause slow response of adaptive parameters.
Lemma 5 [10] : The matrix B 2 ρB T 2 is invertible for every ρ and there exist two positive real numbers µ and κ such that the inequality
In fact, let µ = λ min (B 2 ρB T 2 ) and κ = λ max (B 2ρ B T 2 ), then Lemma 5 can be easily obtained. Based on the presented ISMC laws in (34)-(36) and using Lemma 5, the following theorem further reveals the reachability.
Theorem 4: Let ISMC law be given in (34) and (36), then the state trajectory of the closed-loop FTC system (1) with actuator fault (2) can be driven onto the integral sliding manifold S =: {x ∈ R n |s(x(t)) = 0}. Proof: Construct the following candidate Lyapunov function for the reachability analysis
For simplicity, here and below, define s or s(x) as s(x(t)). Taking the infinitesimal operator L of V 1 (t) along the system (3) leads to
Hence, we see that
Now, considering the several terms in the above equation, the following inequalities are true according to Assumption 2,
Substituting (42)- (44) into (41) yields
Considering the several terms in (45) and taking (36) into account, we have
Furthermore, noticing the formula of u 1 (t), we get 
Moreover, in view of the adaptive laws (36) and noticing the fact (38), one can further get
It means that V (t) is decrease when s(x) = 0. Thus the state trajectory will arrive at sliding manifold S in finite time and force to remain there subsequently. Remark 4: It should be noticed that the large initial values ofρ i0 ,û fi0 andŵ i0 can compensate the effect of faults and external disturbance in the systems. Also, we can confine the sliding function to the convergence set in finite time by adaptive laws, even though the bound of the actuator fault is unknown.
Remark 5: So far, a new sliding-mode-based FTC scheme for delayed system has been proposed. Owing to the existence of probabilistic delay, actuator fault and boundedunknown disturbance, the existing techniques using variant rate of delay, exact actuator information and upper bound of disturbance become invalid here. Accordingly, some challenges/difficulties are faced in the process of deriving the new results. To be specific, 1) how to utilize the information of variation range of delay rather than the variation rate of delay; 2) how to reduce the effect caused by actuator fault; and 3) how to cope with bounded-unknown disturbance and stuck fault effectively. To overcome these obstacles, the information of variation range of delay has been used with the help of Lemmas 1-2 to guarantee the stability. Moreover, a new sliding mode controller with adaptive mechanism has been proposed to attenuate the effects from actuator and boundedunknown disturbance. Specifically, the integral switching surface is firstly given by introducing the gain matrix and design matrix. With the help of Lemmas 1-2, the stability for the sliding motion is then guaranteed and an algorithm for calculating gain matrix is presented. Finally, the adaptive laws for estimating the unknown parameters are presented to compensate the effects from actuator fault and external disturbance. It is worthwhile to note that the proposed method is analyzed from the viewpoint of the theoretical analysis and verified by the rocket fairing structural acoustic model given later.
IV. A PRACTICAL EXAMPLE
Example 1: In this section, we consider a practical example on rocket fairing structural acoustic [6] , [35] .
The following parameters are considered: In addition, consider the variation range of time delay as τ 1 = 0.1, τ 2 = 0.3 and the corresponding probability is Prob{α(t) = 1} = 0.95. Furthermore, set the bounds of the actuator efficiency as ρ = diag{0.65, 0.7, 0.7} and ρ = diag{0.8, 0.8, 0.8}. It is assumed that the third actuator accurse stuck fault between 15s-15.3s with stuck fault u f 2 (t) = 20 + 10 cos(20(t − 5)) and the disturbance w(t) is set as trajectory of the closed-loop system presented in Fig. 3 is stable ultimately. The estimations of the actuator efficiency factors are presented in Fig. 5 . Figs. 6-7 depict the estimations of the bounds of u f (t) and w(t).
On the other hand, a sever fault scenario occurred at t = 15s, which leads to suddenly tremor, but doesn't affect the ultimate stability. At the same time, the adaptive laws changed suddenly to adapt the sever fault. It should be noticed that the estimationsρ,û f andŵ are not necessary to converge to their exact values. Noting the depicting in Fig. 4-7 , the adaptive laws do not converge to the ideal values within the first few seconds which causes a small deviation of the sliding function in Fig. 4 and the sliding mode takes place after the convergence of the adaptive laws. It further shows the efficiency of the proposed ISM control scheme. Moreover, noting Fig. 3 , we can see that the sudden actuator fault leads to a transient instability which further causes a small deviation of sliding surface in Fig. 4 . Then, in view of the adaptive laws in (36), it reveals that the parameterŝ u f i (t),ŵ i (t) increase andρ i (t) changes in a moment which is consistent with Figs. 5-7. Introducing J 1 (t) = t 0 z T (s)z(s)ds and J 2 (t) = γ 2 t 0 w T (s)w(s)ds, the responses of J 1 (t) and J 2 (t) are depicted in Fig. 8 , which further explains that the desired H ∞ performance can be achieved. Overall, it follows from the simulation results that the validity of the achieved FTC scheme is revealed.
V. CONCLUSION
In this paper, the sliding mode control problem has been discussed for uncertain system with the probabilistic random delays, actuator fault and external disturbance. By fully utilizing the information of the probability distribution delay, the asymptotically stable under satisfactory H ∞ performance has been guaranteed when the state trajectory enters into the sliding surface. An algorithm has been firstly given to transform the traditional nonconvex problem into a convex one, then new sufficient results have been obtained. In the meanwhile, a novel adaptive ISM controller has been designed, which not only attenuate the effect of actuator fault but guarantee the stability with probabilistic delay and unknown external noises in a unified framework as well. Further topics include the discussions on the designs of FTC with time-varying actuator efficiency factor and communication protocols.
